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Abstract
We report a new phenomenon, called self-recovery, in the process of
diffusion in a region with boundary. Suppose that a diffusing quantity
is uniformly distributed initially and then gets excited by the change in
the boundary values over a time interval. When the boundary values
return to their initial values and stop varying afterwards, the value of a
physical quantity related to the diffusion automatically comes back to
its original value. This self-recovery phenomenon has been discovered
and fairly well understood for finite-dimensional mechanical systems
with viscous damping. In this paper, we show that it also occurs in
the process of diffusion. Several examples are provided from fluid flows,
quasi-static electromagnetic fields and heat conduction. In particular,
our result in fluid flows provides a dynamic explanation for the famous
experiment by Sir G.I. Taylor with glycerine in an annulus on kinematic
reversibility of low-Reynolds-number flows.
1
1 Introduction
We consider the diffusion equation
∂φ(x, t)
∂t
= D∇2φ(x, t),
where φ denotes the diffusing quantity in a medium with boundary and D
the diffusion constant. The term D∇2φ physically means dissipation that is
linear in φ, and the boundary value of φ specified as a function of time t can
be interpreted as an external force or input to this diffusing system. We shall
see that the dissipation has a kind of memory. For example, let us consider
a viscous flow of an incompressible fluid in the region in Fig. 1. There is no
pressure gradient in the region and the fluid is at rest initially. Suppose that
the boundary at the bottom moves to the right by 1 m and then remains
at rest. Due to the symmetry of the configuration, the fluid flows in the x
direction and its velocity, which is a function of height y and time t, obeys
the diffusion equation. It turns out that every fluid particle in the region
moves to the right exactly by 1 m and comes to a stop as t→∞. Namely,
the fluid remembers its initial configuration relative to the boundary. This
recovery phenomenon due to dissipation is analyzed in detail in the present
paper.
Figure 1: Fluid in the space that is horizontally infinite long on both sides
and vertically infinitely long upward. The bottom of the reservoir moves
horizontally at the velocity of f(t).
The self-recovery phenomenon induced by viscous damping friction is
well understood for finite-dimensional mechanical systems [1, 2]. Hence, as
motivation, we first take a simple example to recall the results in [1, 2].
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Consider the system of two plates in Fig. 2, where plate 1 is assumed to be
much longer than plate 2. The position of plate 1 is denoted by x1 and the
relative position of plate 2 with respect to plate 1 by x2. The mass of plate
i is denoted by mi for i = 1, 2. We assume that plate 1 is controlled by a
control force uc and that there exists a viscous damping force −bx˙2 between
the plates. We assume there are no other forces on the system. Then the
equations of motion are given by
m1x¨1 = bx˙2 + uc, (1)
m2x¨1 +m2x¨2 = −bx˙2. (2)
The two plates are aligned along their centers and both plates are at rest at
t = 0 such that
x1(0) = x2(0) = x˙1(0) = x˙2(0) = 0.
Choose a control uc such that x˙1(t) converges exponentially to zero as t
tends to infinity, which is always possible.
Figure 2: Two plates where there is viscous damping between the plates.
Integrating Eq. (2), one can see that the following damping-added mo-
mentum is conserved:
Jd := m2x˙1(t) +m2x˙2(t) + bx2(t) = 0 (3)
for all t. Solve Eq. (3) for x2(t):
x2(t) = −e−
b
m2
t
∫ t
0
e
b
m2
τ
x˙1(τ)dτ. (4)
One can see that when plate 1 is moving forward, i.e., x˙1(t) > 0, plate 2
falls behind relative to plate 1 since x2(t) < 0. However, since x˙1(t) decays
exponentially to zero, we have
lim
t→∞
x2(t) = 0.
In other words, as plate 1 comes to a stop, plate 2 catches up and comes
back to its initial position relative to plate 1. This phenomenon is called
damping-induced self-recovery [1, 2].
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There is another interesting phenomenon in this system due to the vis-
cous damping although it is not directly related to the main results of this
paper. Suppose that one chooses a control uc such that plate 1 moves at a
constant speed over a time interval [T1, T2] with T1 << T2 , i.e.,
x˙1(t) = c1
for all t ∈ [T1, T2]. Solving Eq. (3) for x2(t) and differentiating it, one can
obtain
x˙2(t) = − b
m2
(
x2(T1)− c1m2
b
)
e
−
b
m2
(t−T1)
for all t ∈ [T1, T2]. Hence, x˙2(t) ≈ 0 for all sufficiently large t in [T1, T2].
In other words, while plate 1 is moving at a constant speed, plate 2 moves
at the same speed in the inertial frame. Namely, plate 2 does not slide on
plate 1 while plate 1 is moving at a constant speed. This phenomenon is
called damping-induced boundedness [1, 2] since the distance |x2(t)| between
plate 1 and plate 2 does not grow indefinitely while the speed of plate 1 is
bounded.
It should be now clear by analogy that the self-recovery phenomenon
must occur in the fluid flow in Fig. 1. In this paper, we provide examples
of self-recovery phenomena in various diffusion processes from fluid flows,
quasi-static electromagnetic fields and heat conduction. Since there are
other situations where the diffusion equation dictates the dynamics, there
should be more instances of self-recovery in nature.
2 Damping-Induced Self-Recovery in Fluid Flows
2.1 Modified Stokes’ Problem
Consider the viscous flow of an incompressible fluid in Fig. 1, where an
infinitely long plate is at the bottom above which a fluid exists. Initially,
both the plate and the fluid are assumed at rest. The boundary plate begins
to move horizontally at t = 0 and returns to rest. More precisely, the velocity
function f(t), 0 ≤ t < ∞, of the boundary is such that f(0) = 0 and f(t)
converges exponentially to zero as t→∞.1 There is no slip at the boundary.
1 In this paper, a function f(t), 0 ≤ t <∞, is said to exponentially converge to zero as
t → ∞ if there are numbers σ > 0 and K > 0 such that |f(t)| ≤ Ke−σt for all t ≥ 0. By
this definition, any function f(t) that vanishes after a finite time converges exponentially
to zero as t→∞.
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Due to the symmetry of the configuration, the fluid flows only in the
x direction. Its velocity u(y, t) at height y and time t satisfies the Navier-
Stokes equation that reduces to the diffusion equation
∂u
∂t
= ν
∂2u
∂y2
and the boundary conditions
u(y, 0) = 0,
u(0, t) = f(t),
u(y =∞, t) = 0,
where ν is the constant kinematic viscosity of the fluid; refer to section 4.3
of [3] for derivation of the Navier-Stokes equation for this configuration. Let
fˆ(s) denote the Laplace transform of f(t):
fˆ(s) :=
∫
∞
0
e−stf(t)dt.
By the exponential convergence assumption on f(t), there is a σ > 0 such
that fˆ(s) is analytic for all s ∈ C with Re(s) > −σ. Hence,
fˆ(0) =
∫
∞
0
f(t)dt <∞.
Let uˆ(y, s) denote the Laplace transform of the solution u(y, t) with respect
to t. Using the techniques in Chapter 7 of [5], one can obtain
uˆ(y, s) = e−y
√
s/ν fˆ(s).
Due to the symmetry of the configuration, all the particles at y move at the
same speed. So, the displacement d(y, t) of each fluid particle at y over the
time interval [0, t] in the x direction is given by
d(y, t) =
∫ t
0
u(y, τ)dτ
and its Laplace transform dˆ(y, s) with respect to t is given by
dˆ(y, s) =
1
s
e−y
√
s/ν fˆ(s).
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For each fixed y, the function dˆ(y, s) has a simple pole at s = 0 and all its
other poles have negative real part; recall that fˆ(s) is analytic for all s ∈ C
with Re(s) > −σ for some positive number σ. Hence, by the final-value
theorem, the displacement d(y) of each particle at y over the time interval
[0,∞) is given by
d(y) = lim
t→∞
d(y, t) = lim
s→0+
sdˆ(y, s) = lim
s→0+
e−y
√
s/ν fˆ(s) = fˆ(0) =
∫
∞
0
f(t)dt.
It follows that every fluid particle moves horizontally by the same amount
as the displacement of the boundary over the time interval [0,∞). In other
words, each fluid particle comes back to its initial position relative to the
boundary as t→∞. This is the self-recovery phenomenon in this fluid flow.
2.2 Flow between Parallel Plates
Figure 3: Flow between two infinitely long parallel plates.
Consider the viscous flow of an incompressible fluid between parallel
plates in Fig. 3, where both boundaries move at the same velocity f(t).
Assume that the fluid is at rest initially. Also assume that f(0) = 0 and
that f(t) converges exponentially to zero as t→∞. There is no slip at the
boundary. Due to symmetry, the fluid flows only in the x direction. Let
u(y, t) denote the velocity of the flow at (y, t). It satisfies the Navier-Stokes
equation that reduces to the diffusion equation
∂u
∂t
= ν
∂2u
∂y2
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and the boundary conditions
u(y, 0) = 0,
u(0, t) = f(t),
u(L, t) = f(t).
Let uˆ(y, s) denote the Laplace transform of the solution u(y, t) with respect
to t. Using the techniques in Chapter 7 of [5], one can obtain
uˆ(y, s) =
sinh(y
√
s/ν) + sinh((L− y)
√
s/ν)
sinh(L
√
s/ν)
fˆ(s),
where fˆ(s) denotes the Laplace transform of f(t). Due to the translational
symmetry in the configuration, all the particles at y move at the same speed.
So, the displacement d(y, t) of each fluid particle at y over the time interval
[0, t] in the x direction is given by
d(y, t) =
∫ t
0
u(y, τ)dτ.
Its Laplace transform dˆ(y, s) with respect to t is given by
dˆ(y, s) =
1
s
· sinh(y
√
s) + sinh((L− y)√s)
sinh(L
√
s)
fˆ(s).
The function dˆ(y, s) has a simple pole at s = 0 and all its other poles
have negative real part; refer to Chapter 7 of [5]. Hence, by the final-value
theorem, the displacement d(y) of each particle at y over the time interval
[0,∞) is computed as
d(y) = lim
t→∞
d(y, t)
= lim
s→0+
sdˆ(y, s)
= lim
s→0+
sinh(y
√
s/ν) + sinh((L− y)√s/ν)
sinh(L
√
s/ν)
fˆ(s)
= lim
s→0+
sinh(y
√
s/ν) + sinh((L− y)
√
s/ν)
sinh(L
√
s/ν)
· lim
s→0+
fˆ(s)
= 1 · fˆ(0)
=
∫
∞
0
f(t)dt,
7
where l’Hoˆpital’s rule is used for the second last equality. It follows that
every fluid particle moves horizontally by the same amount as the displace-
ment of the boundary over the time interval [0,∞). In other words, each
fluid particle comes back to its initial position relative to the boundary as
t→∞. This is the self-recovery phenomenon.
Remark. Suppose that the lower boundary and the upper one move at
different speeds, say the one at y = 0 moves at the velocity of f(t) and the
one at y = L at the velocity of g(t). Then, uˆ(x, s) is computed as
uˆ(x, s) =
fˆ(s) sinh((L− y)
√
s/ν) + gˆ(s) sinh(y
√
s/ν)
sinh(L
√
s/ν)
.
One can show that the displacement d(y) of a particle at y over the time
interval [0,∞) is given by
d(y) =
L− y
L
∫
∞
0
f(t)dt+
y
L
∫
∞
0
g(t)dt,
which becomes a constant
∫
∞
0 f if
∫
∞
0 f =
∫
∞
0 g. In other words, even if
the two boundaries move differently, as long as their final displacements are
equal, all the fluid particles move by the same amount of the displacement
as the boundaries.
2.3 Flow inside a Cylinder
Consider the viscous flow of an incompressible fluid inside a cylinder of
radius Ro that rotates at the angular velocity f(t), where f(0) = 0 and f(t)
converges exponentially to zero as t → ∞. Assume that the fluid is at rest
initially. Due to rotational symmetry in the configuration, the fluid flows
only coaxially. Let u(r, t) denote the tangential velocity of the fluid at radius
r and time t. It satisfies the Navier-Stokes equation in polar coordinates
∂u
∂t
= ν
(
∂2u
∂r2
+
1
r
∂u
∂r
− u
r2
)
and the boundary conditions
u(r, 0) = 0,
u(0, t) = 0,
u(Ro, t) = Rof(t).
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Figure 4: Geometry for flow inside a cylinder that rotates at angular velocity
f(t).
Refer to section 4.5 of [3] for derivation of the Navier-Stokes equation in the
above. Let uˆ(r, s) denote the Laplace transform of the solution u(r, t) with
respect to t. From section 148 of [5], it follows that
uˆ(r, s) =
J1(ir
√
s/ν)
J1(iRo
√
s/ν)
Rofˆ(s), (5)
where fˆ(s) is the Laplace transform of f(t) and J1(·) is the Bessel function
of the first kind with index 1, which is given by
J1(t) =
∞∑
j=0
(−1)j
j!(j + 1)!
(
t
2
)2j+1
.
The angular velocity Ω(r, t) of the fluid at radius r and time t is given by
Ω(r, t) =
1
r
u(r, t),
so its Laplace transform Ωˆ(r, s) with respect to t is given by
Ωˆ(r, s) =
1
r
uˆ(r, s).
Due to the rotational symmetry in the configuration, all particles at radius
r rotate at the same angular velocity, so the net angle θ(r, t) swept by each
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particle at radius r over the interval [0, t] is given by
θ(r, t) =
∫ t
0
Ω(r, τ)dτ,
and its Laplace transform θˆ(r, s) with respect to t is given by
θˆ(r, s) =
1
s
Ωˆ(r, s) =
1
sr
uˆ(r, s).
Since the Bessel function J1(·) has only real roots, the function θˆ(r, s) for
each fixed r has a simple pole at s = 0 and all its other poles have negative
real part [5]. By the final-value theorem the angle θ(r) swept by each particle
at radius r over the time interval [0,∞) is given by
θ(r) = lim
t→∞
θ(r, t)
= lim
s→0+
sθˆ(r, s)
= lim
s→0+
Ro
r
J1(ir
√
s/ν)
J1(iRo
√
s/ν)
fˆ(s)
= lim
s→0+
Ro
r
J1(ir
√
s/ν)
J1(iRo
√
s/ν)
· lim
s→0+
fˆ(s)
= 1 · fˆ(0)
=
∫
∞
0
f(t)dt,
where l’Hoˆpital’s rule is used in the second last equality. Recall that
∫
∞
0 f
is the angle by which the cylinder has rotated over the time interval [0,∞).
It follows that every fluid particle asymptotically comes back to its initial
position relative to the boundary as t→∞, which is the self-recovery in the
fluid flow inside the cylinder.
Remarks. 1. We can interpret the result in terms of vorticity ω of the
fluid that is given by
ω(r, t) =
∂u
∂r
+
u
r
,
which satisfies the diffusion equation
∂ω
∂t
= ν
(
∂2ω
∂r2
+
1
r
∂ω
∂r
)
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in polar coordinates; see Eq. (4·5·6) in [3] for verification of this equation.
By Eq. (5), the Laplace transform ωˆ(r, s) of ω(r, t) with respect to t is
computed to be
ωˆ(r, s) = i
√
s
ν
· J
′
1(ir
√
s/ν)
J1(iRo
√
s/ν)
Rofˆ(s) +
1
r
uˆ(r, s).
Using the final value theorem, it is easy to show that
∫
∞
0
ω(r, t)dt = 2
∫
∞
0
f(t)dt,
which is independent of radius r. This is a manifestation of self-recovery in
terms of vorticity.
2. The self-recovery phenomenon in the cylindrical fluid flow can be
easily demonstrated at home using a turntable. Put some honey and water
into a bowl, mix them well and place the bowl at the center of the turntable.
Then, drop some pieces of paper on the surface of the fluid along a radial
direction. If one turns the turntable and then stops it after 5 to 6 seconds,
he can observe that the paper pieces get re-aligned in a radial direction,
showing that every fluid particle goes back to its initial position in the bowl.
A video of this experiment can be seen and downloaded from [7].
3. From the result in this section, we can dynamically understand the
kinematic reversibility of low-Reynolds-number flows in the famous experi-
ment by Sir G.I. Taylor with glycerine; refer to [8] for a film showing this
experiment (from 13:13 in this film) and to [9] for notes of this film. In this
experiment, the net number of revolutions made by the moving boundary is
zero, so every fluid particle should return to its initial place as a self-recovery
phenomenon.
3 Self-Recovery in the Other Areas of Physics
3.1 Quasi-Static Electromagnetic Fields
The quasi-static magnetic field H in a homogeneous medium with constant
conductivity σ and constant magnetic permeability µ satisfies the following
diffusion equation:
4piµσ
c2
∂H
∂t
= ∇2H,
where c is the speed of light; refer to Chapter VII of [6] for derivation of
this equation. Hence, it is natural to expect a self-recovery phenomenon
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to occur in this situation. For example, consider a semi-infinite conducting
permeable medium with a boundary as in Fig. 1. Suppose that the magnetic
field vector at t = 0 is spatially constant. After subtracting the constant
vector, without loss of generality we may assume that magnetic field is zero
uniformly in the medium at t = 0. The boundary surface at y = 0 is
subject to a spatially constant but time-varying magnetic field f(t) in the x
direction, where f(0) = 0; f(t) converges exponentially to zero as t→ 0; and
f(t) is allowed to vary such that the quasi-static assumption still holds. Due
to the translational symmetry of the configuration, only the x component
Hx(y, t) of the magnetic field H induced inside the medium will vary and it
is a function of only y and t, i.e.
H = (Hx(y, t), 0, 0). (6)
One can show that the integral of Hx(y, t) over the time interval [0,∞) is
given by ∫
∞
0
Hx(y, t)dt =
∫
∞
0
f(t)dt (7)
for all y ≥ 0, which is a constant function of y, manifesting a self-recovery
phenomenon. We can interpret this phenomenon in terms of charge flows.
The current density J(y, t) = ∇×H is given by
J(y, t) =
(
0, 0,−∂Hx(y, t)
∂y
)
.
Hence, we have
∫
∞
0
J(y, t)dt =
∫
∞
0
∇×H dt = ∇×
∫
∞
0
H dt = 0
since
∫
∞
0 H dt is a constant vector by Eqs. (6) and (7). It follows that the
amount of net charge that has flown across a unit area in the z-direction
over the time interval [0,∞) is zero everywhere in the medium.
3.2 Heat Conduction
In heat conduction in a homogeneous medium, the temperature T satisfies
the heat equation
∂T
∂t
= D∇2T,
where D is the constant diffusion coefficient. Hence, we can expect that
a self-recovery phenomenon will occur in a configuration with symmetry.
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Figure 5: Conduction of heat through an insulated conducting rod, where
the temperature of the left boundary varies as f(t) and that of the right
boundary as g(t).
Consider the situation in Fig. 5, where an insulated rod of length L and
sectional area A is placed between two boundaries. Assume that the initial
temperature is constant in the rod. By subtracting the constant value,
we may then assume that the initial temperature is uniformly zero in the
rod. There is no radiation at the boundaries. The temperature of the left
boundary changes as f(t) and that of the right boundary as g(t), where
f(0) = g(0) = 0 and both f(t) and g(t) exponentially converge to zero as
t→∞ such that ∫
∞
0
f(t)dt =
∫
∞
0
g(t)dt.
Let T (x, t) denote the temperature at (x, t) in the rod. Then, the boundary
conditions are given as
T (x, 0) = 0,
T (0, t) = f(t),
T (L, t) = g(t),
which are the type of boundary conditions considered in Section 34 of [4].
Solving the heat equation, one can show
∫
∞
0
T (x, t)dt =
∫
∞
0
f(t)dt (8)
for all x in the rod, showing a self-recovery phenomenon. Let us interpret
this in terms of heat instead of temperature. By the law of heat conduction,
the heat Q(x, t) and the temperature T (x, t) are related as
∂Q
∂t
= −kA∂T
∂x
,
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where k is the thermal conductivity of the rod. Hence,
Q(x, t =∞)−Q(x, t = 0) = −
∫
∞
0
kA
∂T
∂x
dt = −kA ∂
∂x
∫
∞
0
T dt = 0
by Eq. (8). It follows that the amount of net heat that has flown across
the cross section over the time integral [0,∞) is zero everywhere in the rod,
which is another interpretation of the self-recovery in heat conduction.
4 Conclusions
We have discovered self-recovery phenomena in some diffusion processes in
fluid flows, quasi-static electromagnetic fields and heat conduction. We be-
lieve that there are more instances of self-recovery or its variants in such
areas as biology, chemistry, physics, ecology, finance and so on, where diffu-
sion models are used.
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